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INTRO DICTION 
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A combination of two direct stresses can arise in a 
plate if the Poisson effect "educed by the application 
of one direct stress is re.:., .rained or partially restrained 
by members adjacent to the plate. If the individual 
stresses can be evaluated, the effect of the combination 
should be considered in investigating the stability of the 
plate . 

The energy method is used to derive interaction 
equations that define the critical combinations of long!" 
tudinal and transverse direct stress for isotropic flat 
rectangular plates vith the following four cases of edge 
conditions : 


C as e 

i Long edges 

Short edges 

(e) 



Simply supported 

Simply supported 

(t>) 

Simply supported 

Clamped 

(c) 

Clamped 

Simply supported 

(d) 

Clamped 

------ 

Clamped 


Charts based upon the interaction equations are presented 
for these four cases. 

The solution obtained for case (a) is enact. For 
the other three cases the solutions obtained ere approxi- 
mate and, as is characteristic of the energy method, 
unconservative . Comparisons with known exact solutions 
and lover-limit solutions indicate, however, that the 
errors in the present results are generally small, 

SYMBOLS 


a length of plate 

b width of plate (b<a) 

G length -width ratio ( a/b) 

t thickness of plate 

deflection normal to plane of plate 


w 
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a 


x 


m 


n 


E 


o 


a 


x 


o 


y 


arbitrary deflection coefficient 
longitudinal coordinate 
transverse coordinate 
number of longitudinal buckles 
number of transverse buckles 
elastic modulus of plate material 
Poisson's ratio for plate material 


flexural stiffness of plate 
longitudinal direct stress, 


' Et3 X 

12 ( 1-p 2 )/ 

sitive for 


compres 


s i o n 


transverse direct stress, positive for compres- 
sion 




y 


dimensionless stress coefficients 
' 


k. 


a 


x 


2t ’ ky ° v 


TT D 



INTERACTION CHARTS 
General Description of Charts 


The critical direct-stress combinations for the four 
cases of edge restraint considered in the present paper 
are defined by the solid curves in the interaction charts 
of figures 2 to 5- Each of the solid curves is a plot of 
the critical value of k^ against p for a given value 

of k y . The parameters k x axod k y are dimensionless 
measures of the longitudinal and transverse direct stress 
respectively, and are defined by the formulas 


k x “ °x 
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( 2 ) 


Tnc oarage eei 
that is 


i s t ho i e r.g th- v, i i 'c h ratio of the o late, 

( 3 ) 
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Anv critical combination oj 


k v , anc 


K » 


re ore sen tec* by r. point on ora 


of the interaction charts, 
b u c k 1 :? r 1 1 e r n . Th e d i f - 


is associated ...1th a definite 
ferer.t buckle Patterns are indicated .,r the charts by 
sets of v blue a r >f f. and. n a r s ,i yne o to different 
regions. These- regions arc sonar a tec- by du shed corves, 
t'b.i ixite c^rs n an J n ai-o Jeiined no number of 

longitudinal lobes buckles) ane the number of transverse 
1 o b o s , r ' s p ect 1 v e 1 y , i n t o w hi ; 
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in each of figures 


■) serve; 


; d to l j is 
u.vo differ ei 
sets of ecu- 


he dotted curve 
as a denar cat ion curve 


bet ween these t-.vo portions f the chart. Although the 


cot ted curves are - 
or.it ted xn fi.. hires 


or.fclnuoi.s acres a the charts , parts are 
jj. and 5 there t nev would coincide with 


The energy solutions icon which the interaction 
charts are baser are £,iv«n in the appendix . Tue- data 
used in Plotting the charts air given in tables 1 to L. 


•so cf Charts 

The Interaction charts can be used to check the sta- 
bility of a Plate subjected to known longitudinal and 
transverse direct stresses 

^ -X ' " K,. ^ <1 £j- 


determine the critical 
raluo of one direct stress corresponds ng to a given vali 
>f th.e other . 


In order t 
values of a v 


o check the stability of a plate with known 
and c-r, it is necessary first to calculate 
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the values of k x , k v , and 3 from equations (1), (2), 

and (3 ) , respect.* vely , and then to locate on the appro- 
priate chart (depending on boundary conditions ) that point 
which is defined by the calculated values of k x and p. 
The value of associated with this point is the 

critical value of ky 7 for the plate. If the actual 
value of ky a a calculated from equation (2) is higher 
than the critical value, tn.e date is unstable for the 
given loading. Conversely, if the actual value of ky 
is lower than the critical value, the date is stable 

If C-- is known and 
responding critical value 
of ky Is first o stained 
value of c v can then be 

j 

a. r 


it is required to find the cor- 


a 


J 


the critical value 


s just described. The critical 


calculated from the 


or mu . 


= k 


tt 2 D 

bd 


ao 


If Oy is known and It is required to find the critical 
value of o x for the plate, the values of ky and p 
are first obtained from equations (2) and (3)" and the 
point corresponding to these values is located on the 
appropriate chart. The ordinate of this point is tile 
critical value of k x . The corresponding critical value 
of o x can then be obtained from the formula 


a :< = * x 


rr 2 D 


b 2 i 


( 5 ) 


The use of the interaction charts will generally 
involve interpolation between k-r-curves. The form of the 

j 

interaction equations (A3) to ( A13 ) , upon which the charts 
are based, indicates that for a given set of values of p, 
m, and n the critics 1 value of k v varies linearly 
with k x . Accordingly, linear interpolation may he used 
along any vertical line segment between two adjacent 
dashed curves or between a dotted curve and an adjacent 
dashed curve . Tt can be shown, however, that linear 
interpolation between two points that lie on opposite 
sides of a dashed or a dotted curve introduces a small 
error 'which tends to offset the error inherent in the 
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energy solution. The use of linear interpolation between 
k y - curves at all ti' ;.es is therefore recommended. 
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In the interval between the original publication of this 
report and its re -public at? on in the present form as a 
wartime Report, extensive crocks wore made by Jarr.es 0. 
IvjcCullcch of the Langley Laboratory staff on the results 


for 


cas-; 


^ d ) y a3 1 o dp 


O ' . cu i I 


The checking was done 


by the method explained .in T.'ACA TM Ho. lluj entitled 
"The Lagraugian Multiplier liethod of Finding upper and 
Lower Limits to Critic el Stresses of Clumped Plates" by 
Bernard Budiansky ana bal C. Hu. The maximum error in 
any of the results shewn in figure 5 or table i+ was 
found to be about 5 percent* 
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Problem 


in 


so tropic, flat rectangular plate 


built into a 


structure 
t o o o cl ar I ned and 
plate is 2lj. in she : 


+• v 


hi c . 


p- 


Tno 
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OUUjU’ 3 

; ratio 


i ./ay that its long: edges may be assumed 
. 1 3 short e age s simply supported. The 
long, 12 inches wine, and 1/3 inch 

i s 10,000-, 0.0 C p-s i 


elasticli-v S 
Is 1/5. The problem .is to 


the longitudinal compressive stress o x that 


causes buckling on the assumption, first , that the Poisson 
effect (transverse expansion) takes place freely and, 
second, that the Poisson effect is completely prevented 
by members adjacent to the plate . 


Solution 


no 
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If the Poisson effect is allc.ved to tako 
transverse stress is induced in the plate, 
htly, a-j ~ 0 and. from equation (2), ky 


place fr-eely, 
Conse- 
= 0 . The 
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ratio t is equal to 2 k/l 2 , or 2 . The point 
defined 07 the values 1 : 7 ~ 0 and p = 2 is now located 

nr r,_te Interaction cliurt“ of figure 4. The ordinate of 
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It is noticed that prevention of the Poisson expansion 
reduces the buckling strength of the plate from 70 /.J psi 
to 3b ;0 psi . 

Ip 4-i T y o oarti cular nr^blein the transverse stress Oj 
was ns r -ujy ed to he developed by prevention of the Poisson 
effect.Thhc charts can 1 1 so oe' used to determine. the 
critical combinations of 0' x and Oy when Oy is 
established directly by a known leading. 
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direct stress for isotropic flat rectangular 
\/cral conditions of ed;;e restraint . 
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APPENDIX 


CRITICAL C OK El NAT 1 0N C 
FLAIRS DI 


OP DIRECT STRESS FOR FIAT RECTANGULAR 
7TERMI NED 3Y ENERGY METHOD 


. n« 


energy Method 


Tie criti 


stresses are de teri.il ned from the prin- 


ciple that the work done b;, the an plied loads during 
buckling is equal to the elastic- strain energy stored in 
the structure during buckling. If the structure under 
consideration is a flat rectangular plate with simple- 
suooort or clarned-euge cor.61ti.onc , subjected to t ■:*<-> 
direct stresses in the plane of the plate , this equality 
can be written in the following form, which is a can tec. 
f r ;r: equation ( RIO ) of reference 1 : 
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k„ = a 
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A:i approximate solution for the critical stresses 
irj assuming a deflection function 
; satisfies the boundary conditions of the 
.tut in a this function for w in equ&- 
intci'rct ion equation defining the critical 
re on k y and k results . This rela- 
.1 y approximate hud ancons er vat 1 ve , as is 
:o in om ray : oluti one . (Sec reference 7 
•w’erenee 1. ) tThen tlio assumed buckle 
•u be the true one ( that is, satisfies the 
ju d. ion of equilibrium) , the solution is 
exact . Converse ly, the true buckle pattern is that one), 
of all rossinlc buckle pattern:; s at isf yinr the boundary 
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TABLE 1 

CRITICAL COMBINATIONS OP LONGITUDINAL AND TRANSVERSE DIRECT-STRESS COEFFICIENTS 
FOR FLAT RECTANGULAR PLATES WITH ALL EDGES SIMPLY SUPPORTED 


^Data for fig. 2 j 
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a Cuap, indicating change in the number of longitudinal buckles. 
^Minimum point of a scallop. 
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TABLE 2 

CRITICAL COMBINATIONS OF LONGITUDINAL AND TRANSVERSE DIRECT-STRESS 
COEFFICIENTS FOR FLAT RECTANGULAR PLATES WITH LONG EDGES 
SIMPLY SUPPORTED AND SHORT EDGES CLAMPED 


j^Data for fig. 3 ] 
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a Cusp f indicating change in number of longitudinal buckles. 
^Minimum point of a scallop. 
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TABLE 3 

CRITICAL COMBINATIONS OF LONGITUDINAL AND TRANSVERSE DIRECT-STRESS COEFFICIENTS FOR FLAT 


RECTANGULAR PLATES WITH LONG EDGES CLAMPED AND SHORT EDGES SIMPLY SUPPORTED 

[ Data for fig. 1 +] 
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1.992 

2.200 

2.301 

2.500 

2.657 

2.970 
3.321 
3.637 
3.985 
1+.305 
4 * 61+9 

4.970 
5.313 

7.76 

7.34 

7 *U 

*>7 .01 
7.15 
a 7 *39 
7.11 
* 7.01 
7.10 
a 7*20 
7.05 
* 7-01 
a 7 .13 
* 7.01 

a 7 *09 

* 7.01 
a 7 *07 
*7.01 
a 7 .05 
*7 .01 

1.000 

1.006 

1.100 

1.200 

1.423 

1.600 

1-743 

1.900 

2.135 

2.400 

2.465 

2.700 

2.846 

3.182 

3.558 

3.897 

4.270 

4.612 

4.981 

5.324 

7.38 

*7.42 

6.92 

6.66 

b 6.43 

6.54 

*6.76 

6.54 

b 6.43 

6.54 

* 6.59 

6-45 

b 6.43 

* 6.53 

b 6.45 

*6.50 

b 6.43 

* 6.48 

b 6.43 

* 6.47 

1.000 

1.107 

1.200 

1.300 

1.400 

1.566 

1.800 

1.918 

2.100 

2.549 

2.600 

2.712 

3.132 

3.501 

3.915 

4.288 

4.698 

5.074 

6.14 

*6.56 
6.21 
5-97 
5.82 
b 5-74 
5.87 
*6.01 
5-82 
b 5-74 
5.81 
“5-88 
b 5 -74 
*5.82 
b 5-74 
*5.80 

b 5-74 

“ 5-78 

1.000 

1.100 
1.200 
1.295 
1.400 

1.500 
1.700 
1.832 

2.100 

2.244 

2.500 
2.748 

3.000 

3.173 

3.663 

1+.096 

4.579 

5.017 

4.90 
5.02 
5.22 
a 5 .46 
5.21 

5 . 06 
4.89 
b 4.86 
4-95 
* 5.06 
J +-90 
b 4-86 
* 4-90 
b 4-96 
* 4-86 
b 4-92 
* 4.86 
b 4-90 

1.056 

1.300 

1.400 

1.530 

1.700 

1.900 
2.115 
2.500 
2.630 

2.900 
3.173 
3.600 
3.685 
4.231 
5.288 

b 4.^7 

4.38 

4-48 

* 4-65 

4.44 

4.31 
b 4-27 

4-35 

* 4-39 

4.30 

b 4.27 

4.32 
* 4-34 
b 4-27 
b 4-27 

k y 

3.8 

l+.o 

4.1 

4.2 

4.5 

5 

6 

p 

K x 

p 

k x 

P 

k x 

P 

k x 

P 

k x 

P 

k x 

P 

k x 

1.000 

1.200 
1*392 
1.L00 
1.600 
1.800 

1.945 

2.000 

2.200 
2.300 
2.500 
2.700 
2 . 781 + 
2.900 
3.100 

5.200 
3 . 1+06 

M76 

I+.820 

5.568 

3 - 9,1 

3-74 

b 3-70 

3 - 7 ? 

lit 

a 3 -94 

III 

3-77 
3-72 
3-70 
b 3 -70 
3-70 
3-72 
3-74 
a 3-78 
b 3-70 
a 3-74 
b 3 -70 

1.000 

1.250 

1.500 

2.000 

J.000 

J+.000 

5.000 

5.66 

3.31 

3 .H 

2-91 

2J8 

2.73 

2.70 

1.000 

1.250 

1.500 
2.000 

2.500 
3.000 

3.500 
4.000 

4.500 
5.000 

3.53 

3.10 

2.81 

2.58 

l-ii 

*59 

.01 

-.62 

1.000 

1.250 

1.500 
2.000 

2.500 
3.000 
3.500 
4.000 
5.000 

3-40 

2.89 

2.51 

iii l 

.38 

-52 

1.000 

1.100 

1.250 

l- 5<>0 

1.800 

2.000 

2.200 

2.500 

3.000 

3 .00 
2.68 
2.27 

1.6l 

.81 

.25 

-.352 

- 1*33 

-3.22 

1.000 
1.100 
1.250 
1.500 
1.600 

2.000 

1.23 

.11 

-HI 

1.000 

1.100 

1.250 

1.500 

1.00 

.26 

-.85 

-2.89 


a Cusp, indicating change In number of longitudinal buckles. 
^Minimum point of a 3callop. 
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TABLE i*. 

CRITICAL COMBINATIONS OP LONGITUDINAL AND TRANSVERSE DIRECT-STRESS COEFFICIENTS 
FOR FLAT RECTANGULAR PLATES WITH ALL EDGES CLAMPED 


L Data for fig. 5 ] 


k y 

-10 

-5 

-1 

0 

1 

2 

3 

p 

b 




** 


B 

B 


B 


P 

B 

1.237 

1.325 

1.669 

1 - 775 
2.000 
2.118 
2.246 
2.4.00 

2 - 579 
2.724 
2.800 
3.048 
3.206 

3 - 521 

3.691 

5-979 

4 - 176 


1.200 

1.579 

1.477 

1.600 

1.861 

1.979 

2.100 

2.362 

2.504 

2.700 

2.876 

3.038 

5.599 

3-576 

5.927 

4.116 

U- 4-59 

4.657 

11.44 

*>n.io 
•n.19 
10.70 
b io .35 
•10.39 
10.13 
b 9 .92 
• 9.97 
9-75 
b 9.69 
• 9-74 
b 9 -56 
• 9-59 
*>9 -47 
• 9-50 
b 9 - 4 l 
“ 9-44 

1.045 

1.200 

1.400 

1.592 

1.706 

1.900 

2.148 

2.285 

2.500 

2.727 

2.892 

3.321 

3.507 

3 - 924 
4.129 

4 - 534 
4.752 
5 • 148 

5 - 377 

•11.38 

10.01 
9.16 
b 8 .95 
•9.01 
8.55 
b 8 .37 
•8 .41 
8.15 
b 8.o6 
•8.10 
* 7.89 
• 7.92 
b 7 -79 
•7.82 
*>7.72 
• 7-75 
b 7 .68 
•7.70 

1.009 

1.103 

1.200 

1.500 

1.680 

1.801 

2.000 

2.268 

2.412 

2.600 

2.889 

3.052 

3.506 

3.700 

4.143 

4.358 

4.785 

5.016 

5.43U 

*>10.33 
•10.47 
9.65 
8.44 
b 8 .28 
• 8.34 
7-93 
*> 7-76 
•7 .81 
7-59 
* 7-49 
• 7.52 
b 7 -ih 
a 7 -37 
*>7.25 
•7.27 
*>7.19 

•7.21 
b 7 • 15 

1.000 

1.081 

1.183 

1.400 

1.700 

1.801 

1.929 

2.200 

2.430 

2.584 

2.800 

3.084 

3.271 

3- 756 
3.967 

4 - 438 
4.669 
5.127 

9 -Uo 

9.32 

“ 9.44 

8.19 

7-57 

*> 7.54 

“7.58 

7.18 

*>7.08 

•7.12 

6.93 

*> 6.84 

•6.87 

*>6.71 

• 6.74 

*>6.63 

•6.65 

*>6.58 

1.000 
1.190 
1.301 
1.500 
1.800 
1.981 
2.123 
2.400 
2.674 
2.844 

3.000 
3-390 
3-599 
1+.133 
4.366 

4.883 

5.138 

5.642 

8.47 
*>6.13 
•8.23 
7.32 
6.73 
*>6.66 
•6.70 
6-37 
*>6.28 
•6.31 
6.19 
*>6.08 
•6.11 
b 5 - 97 
• 5-99 

*>5.91 

• 5-93 

b 5 .87 

1.000 

1.200 

1.392 

1.522 

1.800 

2.100 

2.318 

2.483 

2.800 

3.128 

3.327 

3.600 

3-971 

4.210 

4.835 

5-107 

5.714 

7 .514. 
6.79 

*>6.61 
•6.68 
5-93 
5-59 
b 5 -53 
“ 5-56 
5-33 
b 5-26 
“5.281 
5.16 
*>5.11 
“ 5-13 
*>5.03 
“5.05 
b 4.98 

k y 

3.5 

3.8 

4-o 

4.2 

k -5 

5 

6 

P 

■a 

P 

IB 

p 


P 


B 

B 

P 

B 

B 

*x 

1.000 

1.300 
1.607 

1-757 

2.000 

2.300 

2.675 

2.866 

3.200 

3.611 

3 . 8 U 

4-200 

4-563 

4*859 

5.501 

7.08 
5.86 
b 5 • 58 
* 5-63 

5:8 

b 4-77 

“H 9 

4.63 

*> 4-56 

• 4-58 

4.49 

b 4-45 

“ 4.47 

b 4-39 

1.000 

1.100 

1.200 

1.500 

1.U00 
1.500 
2.000 
2.250 
2.300 
2.700 
3.128 
5.351 
3 .800 
4-221 

4 - 490 
ii.8oo 

5 - 359 

6.8.0 

6.13 

5-72 

5.39 

2:5? 

I4.56 

Vi 

4.23 
b 4 .l 5 
• 4.17 
4.04 
b 4.oo 
“4.02 
3.96 
b 3 .92 

1.000 

1.100 

1.200 

I. 3 OO 

1.400 

1.500 

1.700 

2.000 

2.500 

3.000 

3.500 
4.000 

4.500 
5.000 

6.61 

5-95 

5-45 

l:°l 

4-51 

4.10 

5.70 

3-33 

3-13 

3.00 

2.92 

2.87 

2.83 

1.000 
1.100 
1.200 
1.300 

2.000 

3.000 

4.000 
5.000 

6.43 

5-72 

5.16 

tit 

1.19 

-.51 

- 2.54 

1.000 

1.100 

1.200 

1.300 

1.500 

1.700 

2.000 

2.200 

2.500 

3.000 

6.15 

5.38 

4.78 

4-20 

3.30 

2.56 

1-55 

-92 

-.03 

-1.71 

1.000 

1.100 
1.200 
1.300 
1.500 
1.700 

2.000 

2.100 

S.68 

4.80 

4.00 

3.30 

2.09 

.98 

-.60 

- 1-15 

1.000 

1.100 

1.200 

l.JOO 

1.400 

1.500 

1.600 

2.000 

4.66 

3.24 

2.28 

1.36 

-53 

--33 

- 1.13 

- 4.90 


a Cusp, indicating change in the number of longitudinal buckles. 
^Minimum point of a scallop. 
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TABLE 5 

COMPARISONS OP RESULTS OF PRESENT INVESTIGATION WITH EXACT SOLUTIONS 




Case (bit 

long edges simply supported, ehort edges clamped 


k x = 0 

k 7 = 0 | 

■ 

k y 


k x 



Present aolutlon 

Percent difference 


Isxsct solution 

Present aolutlon 

Percent difference 

H 

(1) 

(2) 


P 

■BUI 


(4) 

1 

7.69 

7.76 

0.9 


6.74 


6.75 

0.1 


6.34 

6.39 

.8 

! 

5.84 

5.45 


5.66 

5-5J 

•3 

1.1 

* 

4.66 

4.69 

.6 

1.6 

1.7 

5.34 

5-33 


5.48 

5.41 

2.6 

1.5 

4 

3-4? 

3-45 

.6 

i :? 5 

m 


1 $ 

.2 

0 

7 


2.0 

u .85 


4.85 

0 

$ 

2-54 

2.56 

.0 


t .52 

(*•5° 


4.56 

4.50 

•9 

0 

2 

1.92 

I. 9 I 4 . 

1.0 

3.0 

k-li 


4-41 

0 

$ 

1.91 

1.53 

1.3 









Case (c)t 

long edges clamped, short edges simply supported 


k x = 0 

ky = 0 




«X 



Present aolutlon 

Percent dlfferenc* 

H 



Percent difference 



(5) 


II 


1 


m 

6-74 

6.73 

0.1 

1.0 

7.69 


7.76 

0.9 

K 

3.59 

3.59 

0 

1 .2 

7.05 


7.11 

• 7 


1*4 

7.00 


7-04 

.6 

ms 

4.82 

I4..82 

0 

1.6 

7.31 


7-53 

• 3 

3 


1.8 

7.06 


7.11 

.6 





2.0 

6.98 


7.01 

•4 





2.1 

7.00 


7 .04 

.6 






3.0 

7.03 


7.11 

• 9 


Cats* (d): all edge* clamped 

k x = 0 

“y = 0 


k y 


k x 

P 

Exact solution 

Present aolutlon 
( 10 ) 

Percent difference 

P 

Exact solutior 
( 6 ) 

Present solution 
(11) 

Percent difference 

1 

10 . 0 ?^ 

10.33 

2.6 

1.0 

10.07 


10.33 

9-34 

2.6 

$ 

6. 5 6 (8) 

6.62 

.9 

1.29 

9.25 


1.0 

2 

M4 (9) 

4.86 

-4 

1.50 

1.73 

S.55 

8.11 


8.64 

8.31 

1-3 

2.5 





2.0 

7.38 


7.93 

.6 





2.3 

7. 57 


7.69 

1.6 






3.0 

7-37 


7-51 

1.9 


on equation ( Alj.) with n = 2 ; 


^■Reference I, p. 

2 Value for p = 1 based _____ ___ „ 

other values from equation (i^) with* n = I. 
^Reference 1, p. 36 4 . 

^From equations (A5) and (a 6 ). 

5ftoiti equation (AS) with m = 1. 


of reference 2 . 


_F1 6 . 

‘From equation (A9). 


8 , 


Reference 3 . 


^Lower limit, reference 4 . 

From equation (All). 

^From equations (A12) and (AI 3 ). 
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Fig. 3 



Figure 3.- Critical combinations of longitudinal and transverse 
direct-stress coefficients for flat rectangular plates with 
long edges simply supported and short edges clamped 
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Fiqure 4. _ Cr i Rico I combinations of lonqitudmal ond transverse 
direct -stress coefficients for flat rectangular plates with 
Icnq edqes clamped and short edqes simply supported . 
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Fig. 6a-c 
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Figure 6.- Comparisons of present solutions with 
lower limits. (3 = A- . 
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